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Abstract: We study, theoretically, the phenomena optical bistability and multistability of a hybrid
quantum-plasmonic system immersed within an optical ring cavity. The hybrid quantum-plasmonic
system consists of a three-level V-type quantum emitter and a two-dimensional plasmonic metasur-
face of gold nanoshells. The quantum emitter and the plasmonic metasurface are placed in close
proximity to each other so that a strong quantum interference of spontaneous emission occurs, which
enables the strong modification of optical-bistability/ multistability hysteresis curves. Along with
this, the strong interaction between the emitter and the plasmonic metasurface allows for active
control of the corresponding bistable threshold intensity. Furthermore, we show that by varying the
metasurface-emitter separation, a transition from bistability to multistability of the hybrid system
is observed. Lastly, by introducing an additional incoherent pumping in the system, we have the
emergence of phenomena, such as probe absorption and gain, with or without population inversion.
The results may find technological application in on-chip nanoscale photonic devices, optoelectronics
and solid-state quantum information science.

Keywords: plasmonic nanospheres; optical bistability; quantum intereference

1. Introduction

Coherent control of light using light is very important in optical computing and all-
optical communication. During recent years, optical transistors, all-optical storage and
all-optical switching devices based on optical bistability (OB) in two-level atomic configu-
rations have been extensively investigated [1,2]. The OB features in three and multilevel
atom-light coupling schemes by means of optical ring cavities were later investigated,
both theoretically and experimentally [3–11]. Namely, it was demonstrated that quantum
interference effects, such as the electromagnetically induced transparency [12], can be used
to significantly decrease the OB threshold.

On the other hand, in recent years, there has been great interest in the nonlinear optical
effects of quantum systems in the vicinity of plasmonic nanostructures and metasurfaces.
It is known that nonlinear effects in these structures can be significantly modified and
even enhanced due to the strong exciton-plasmon coupling for quantum systems near
plasmonic nanostructures, the subwavelength concentration of the electric field, as well
the significant change of the spontaneous decay rate of the quantum systems due to the
plasmonic nanostructures.

Various phenomena have been studied in such media, including the manipulation of
spontaneous emission [13–16], Fano effects in energy absorption [17–20], slow light and
optical transparency [21–23], enhancement of the refractive index [24], modification and
enhancement of the Kerr nonlinearity [25–28], four-wave-mixing [29,30], inversionless
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gain [31–36], OB or optical multistability (OM) [37–49], and many others [50–52]. The
contemporary fabrication methods [53–56] for realizing plasmonic nanostructures incorpo-
rating quantum emitters [57] enable the experimental verification of the above phenomena.

In this work, we consider a closed V-type quantum emitter that is placed next to a
plasmonic nanostructure, which, altogether, constitutes the quantum sample. The quantum
sample (emitter+nanostructure) is placed inside a unidirectional optical ring cavity. The
focus of the present study is to analyze, theoretically, the phenomenon of OB occurring in
the quantum sample placed in this type of cavity.

In particular, we found that the rate of incoherent pumping, the distance of the
quantum system from the plasmonic nanostructure, the probe detuning, as well as the
doublet splitting dramatically influenced the OB as well as the OM, allowing for a robust
manipulation of the corresponding threshold intensity and hysteresis loop. Namely, we
demonstrate that by varying the distance of the quantum system from the plasmonic
nanostructure, one can achieve a transition from the regime of OB to OM.

The paper is organized as follows: in Section 2, we present the theoretical model and
the corresponding formalism. The numerical results and physical analysis are presented in
Section 3, while Section 4 concludes the paper.

2. Model and Equations
2.1. Hamiltonian and Master Equations

Figure 1a shows a three-level quantum V-type emitter with two closely lying upper
states |2〉 and |3〉, and a lower state |1〉.The quantum emitter is surrounded by a vacuum
and is placed at a distance d from the surface of a plasmonic metasurface, as illustrated
in Figure 1b. The upper states |2〉 and |3〉 characterize two Zeeman sublevels (J = 1,
MJ = ±1), while the lower state |1〉 is a corresponding level with J = 0. The dipole
moment operator is, then,

−→µ = µ(|2〉〈1|ε̂− + |3〉〈1|ε̂+) + H.c, (1)

where the right-rotating (ε̂+) and left-rotating (ε̂−) unit vectors are defined by ε̂± = (ez + iex)/
√

2,
while µ is taken to be real.

We assume that the above quantum emitter is illuminated by a linearly polarized
electromagnetic plane wave in which case the electric field is

−→
E (t) = ẑE cos(ωt), where E

denotes the electric field amplitude and ω is the angular frequency. The laser field couples
the transition between state |1〉 and states |2〉 and |3〉. Under the dipole and rotating-wave
approximations, the interaction Hamiltonian describing the light-matter coupling reads

H = h̄
(
−δ− ω32

2

)
|2〉〈2|+ h̄

(
−δ +

ω32

2

)
− h̄Ω

2
(|1〉〈2|+ H.c.), (2)

where δ = ω − ω̃ is the detuning, ω̃ = (ω2 + ω3)/2− ω0 and ω32 = (ω3 − ω2)/2. Note
that, h̄ωn corresponds to the energy of state |n〉. The Rabi frequency of the laser field is
defined as Ω = µE

√
2h̄. The excited states |2〉 and |3〉 decay spontaneously to state |1〉with

rates 2γ2 and 2γ3, respectively. The frequencies of the transitions from |2〉, |3〉 to |1〉 fall
within the band of surface-plasmon excitations of the plasmonic metasurface of nanoshells.
Furthermore, two incoherent pump fields r1 and r2 (r1 = r2 = r) are applied as responsible
for pumping populations from the lower state |1〉 to excited states |2〉 and |3〉 via a one-way
pump process. Γ0 denotes the free-space decay rate of states |2〉 and |3〉 to state |1〉. Finally,
we take that γ2 = γ3 = γ [15].
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Figure 1. The three-level quantum V-system under study (a). A silica sphere coated with a gold
nanoshell (b) and a two-dimensional square lattice of such spheres (c). The quantum sample
(quantum emitter + array of spheres) is placed inside a unidirectional ring cavity (d).

Based on the Markovian approximation and the Hamiltonian of Equation (2), the
density-matrix equations of the quantum sample read as

˙ρ21 = (iδ +
iω32

2
− γ− r)ρ21 − i

Ω
2

ρ22 − i
Ω
2

ρ23 + i
Ω
2

ρ11 − κρ31, (3)

˙ρ31 = (iδ− iω32

2
− γ− r)ρ31 − i

Ω
2

ρ33 − i
Ω
2

ρ32 + i
Ω
2

ρ11 − κρ21, (4)

˙ρ23 = (iω32 − 2γ)ρ23 + i
Ω
2

ρ13 − i
Ω
2

ρ21 − κ(ρ22 + ρ33), (5)

˙ρ22 = −2γρ22 + rρ11 + i
Ω
2
(ρ12 − ρ21)− κ(ρ23 + ρ32), (6)

˙ρ33 = −2γρ33 + rρ11 + i
Ω
2
(ρ13 − ρ31)− κ(ρ23 + ρ32). (7)

The above equations are consistent with the conservation law ρ11 + ρ22 + ρ33 = 1 with
ρij = ρ∗ji.

In the above equations, κ corresponds to the coupling coefficient between upper states
|2〉 and |3〉 resulting from the occurrence of quantum interference of spontaneous emission
in an electromagnetically anisotropic environment [58,59].
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Here, γ and κ are provided by [13,14,60–64]

γ =
µ0µ2ω̄2

2h̄
ε̂−. ImG(r, r; ω̄). ε̂+, (8)

κ =
µ0µ2ω̄2

2h̄
ε̂+. ImG(r, r; ω̄). ε̂+, (9)

where G(r, r; ω̄) (ω̄ = (ω3 + ω2)/2 − ω1) corresponds to the electromagnetic Green’s
tensor, r is the position of the quantum emitter and µ0 stands for the free-space electric
permittivity. Equations (8) and (9) provide the values of γ and κ [13,14,60–64]

γ =
µ0µ2ω̄2

2h̄
Im
[

G⊥(r, r; ω̄) + G‖(r, r; ω̄)
]
=

1
2
(Γ⊥ + Γ‖), (10)

κ =
µ0µ2ω̄2

2h̄
Im
[

G⊥(r, r; ω̄)− G‖(r, r; ω̄)
]
=

1
2
(Γ⊥ − Γ‖), (11)

G⊥(r, r; ω̄) = Gzz(r, r; ω̄) and G‖(r, r; ω̄) = Gxx(r, r; ω̄) denote the components of the
Green’s tensor, where ⊥(‖) corresponds to a dipole oriented normal, along the z axis
(parallel, along the x axis) to the plane of the 2D plasmonic metasurface. The spontaneous-
emission rates for a dipole oriented normal and parallel to the metasurface are given by
Γ⊥,‖ = µ0µ2ω̄2 Im

[
G⊥,‖(r, r; ω̄)

]
/h̄. The degree of quantum interference is provided by

p = (Γ⊥ − Γ‖)/(Γ⊥ + Γ‖). (12)

The peak value of quantum interference in spontaneous emission is p = 1 [59]. This
is possible if we place the quantum emitter close to a surface that possesses a negligible
Γ⊥. If the quantum emitter lies in free space, Γ⊥ = Γ‖, resulting in κ = 0 suggesting the
complete absence of quantum interference in the emitter.

As a plasmonic metasurface, we take a two-dimensional square lattice of dielectric
(silica) spheres coated with gold (plasmonic material) [Figure 1b,c]. Such nanostructures
are routinely fabricated by self-assembly [65], nanopatterning and nanolithographic [66,67]
techniques. The dielectric function of the shell is described by the free-electron Drude model

ε(ω) = 1−
ω2

p

ω(ω + i/τ)
. (13)

ωp is the bulk plasma frequency of the metal, whilst τ is the relaxation time of the
conduction-band electrons. For gold, the plasma frequency h̄ωp = 8.99 eV fixing the
corresponding length scale of our calculations as c/ωp ≈ 22 nm. The electric permittivity
of SiO2 is taken to be constant, ε = 2.1. In all the calculations that follow, we assumed
τ−1 = 0.05ωp. The square lattice of nanoshells has a period of a = 2c/ωp, whilst the
corresponding radii of the sphere and core are S = c/ωp and Sc = 0.7c/ωp, respectively.
Explicit relations that provide the electromagnetic Green’s tensor for a two-dimensional
lattice of spheres can be found elsewhere [13,68,69].

In the calculations that follow, we take ω̄ = 0.632ωp. d stands for the distance between
the quantum emitter and the surface of the plasmonic metasurface of gold nanoshells.
We assumed that the quantum emitter is placed opposite the center of a nanoshell of the
metasurface. The spectra of Γ⊥ and Γ‖ were directly taken from Figure 3 in [21], where it
was demonstrated that Γ‖ is suppressed to such degree that it actually becomes significantly
lower than the decay rate of the quantum emitter in a vacuum. Γ⊥ is a decreasing function
of the separation between the quantum emitter and the plasmonic metasurface.

Moreover, when the emitter is located very close to the metasurface, Γ⊥ becomes
much larger than the decay rate in a vacuum. Namely, for distances up to 0.6c/ωp, Γ⊥
assumes much higher values than the corresponding vacuum decay rate. On the other hand,
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for distances between 0.65c/ωp and c/ωp, Γ⊥ becomes smaller than the corresponding
free-space decay rate.

2.2. Susceptibility

The electric susceptibility of the quantum system describing the absorption and
dispersion properties of the weak probe field is written as

χ(δ) =

√
2Nµ

ε0E
(ρ21 + ρ31) =

Nµ2

ε0h̄
ρ21 + ρ31

Ω
, (14)

where the steady state of the density matrix Equations (3)–(7) are ρ21 and ρ31, while ε0 and
N are the vacuum permittivity and numerical density of the quantum emitters, respectively.

Calling on Equations (3)–(7), it is easy to find

ρ21 + ρ31 = i
Ω
2
[(X + κ)(ρ33 − ρ11) + (Y + κ)(ρ22 − ρ11)] + [ρ32(κ + X) + ρ23(κ + Y)]

qz− κ2 , (15)

where q =
[
iδ + iω32

2 − γ− r
]

and z =
[
iδ− iω32

2 − γ− r
]
. Here,ρii(i = 1, 2, 3) shows the

steady state population of levels |j〉, and

ρ23 = ρ∗32 =
κ(ρ22 + ρ33)

iω32 − 2γ
, (16)

describes the coherence term induced by quantum interference of spontaneous emission.
One can decompose Equation (15) into two parts. The first term (containing two

sub-terms) comes from the direct transitions |1〉 → |2〉 and |1〉 → |3〉 and depends on the
population inversions (ρii − ρ11) (i = 2, 3), while the second term is due to quantum inter-
ference when the quantum system is placed in the vicinity of the plasmonic nanostructure
and is proportional to the coherence terms ρ32 and ρ23.

2.3. Optical Bistability in a Unidirectional Ring Cavity

To characterize the OB features, we consider a medium of length L described by the
permittivity of Equation (14) embedded in a unidirectional ring cavity, as illustrated in
Figure 1d. The mirrors 3 and 4 are taken as perfect reflectors. The corresponding reflection
and transmission coefficients of mirrors 1 and 2 are given by R and T, respectively, with
R + T = 1. For a perfectly tuned cavity and in the steady-state limit, the boundary
conditions between the incident field EI and the transmitted field ET read as [70]

E(L) = ET/
√

T, (17)

E(0) =
√

TEI + RE(L). (18)

The second term on the right-hand side of Equation (18) describe the multiple-
reflection processes between the mirrors of the cavity, which provides the occurring OB.
Clearly, for R = 0 in Equation (18), bistability disappears. The boundary conditions and
mean-field limit determine the transmitted field in the steady-state,

y = 2x− iC(ρ21 + ρ31), (19)

where ρ21 + ρ31 is given by Equation (15). y = µEI/h̄
√

T and y = µET/h̄
√

T correspond to
the normalized input and output fields, respectively. The parameter C = NωLµ2/2h̄ε0cT
is the cooperative parameter for a system in a ring cavity.

3. Results and Discussion

Next, we calculate the input–output curves for the quantum-sample (emitter + meta-
surface) medium immersed in the optical ring cavity and compare them with the case
where a medium of solely quantum emitters is placed in the cavity (absence of the plas-
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monic metasurface). Namely, in Figure 2, we show the OB in the absence of the incoherent
pumping r = 0 and for the resonance condition δ = 0. We considered the case of a
degenerate system, i.e., E2 = E3, yielding ω32 = 0.

One can see that the OB is already present even in the absence of a plasmonic metasur-
face (medium of sole quantum emitters) i.e., d = ∞ (solid curve). However, by inserting
the quantum-sample medium (emitter + plasmonic nanostructure) inside the ring cavity,
and for distances d = 0.7c/ωc (dot-dashed curve) and d = 0.9c/ωc (dashed curve) of
the emitter from the metasurface, we observe a significant modification of the area of the
hysteresis cycle due to the reduction of the threshold intensity for both the lower and
higher branches (the reduction of the higher branch is more dramatic).

The reason for this behavior can be qualitatively interpreted as follows. In the presence
of a plasmonic metasurface, very narrow resonances take place at the zero detuning of
probe absorption profile (not shown here). In this case, the whole of the absorption spectra
is enhanced as Γ⊥ and Γ‖ decrease with distance. Moreover, the width of the absorption
peaks are also reduced with Γ⊥, leading to very sharp resonant absorption peaks, which
may result in a reduction in the threshold intensities for both the lower and upper branches
of the OB profile.

0 10 20 30 40 50 60

Input field |y|

0

5

10

15

20

25

30

35

40

O
ut

pu
t f

ie
ld

 |x
|

d=
d=0.7c/ c

d=0.9c/ c

Figure 2. Plots of the input–output field curves for the quantum V-system. The dashed curve
corresponds to the case of a medium of sole quantum emitters, i.e., d = ∞, in which case, the decay
rate is Γ0. The dot-dashed (d = 0.7c/ωc) and solid (d = 0.9c/ωc) curves correspond a quantum-
sample medium (emitter + metasurface) with ω̄ = 0.632ωp. We assumed that ω32 = 0, r = 0, C = 100
and δ = 0.

The OB features change drastically when we consider a degenerate system (ω32 6= 0).
In Figure 3, we show the scaled feedback output field versus the scaled input field for
ω32 = Γ0 and r = 0 and for different values of probe-field detuning. We have assumed that
the the V-type quantum emitter in the quantum sample is located at distance d = 0.8c/ωc
from the plasmonic metasurface. It is clear that no OB can be realized on resonance (δ = 0)
with the probe field (solid curve).

By slightly increasing the probe-field detuning to δ = 0.1Γ0 (see the dotted curve),
the hysteresis cycle appears, giving rise to the optical bistability. A further increase of δ
leads the hysteresis cycle to become larger continually with a subsequent increase in the
threshold intensity of OB in both the lower and higher branches. Physically, an induced
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transparency (zero absorption) will occur on resonance (δ = 0) with the energy absorption
spectra of the quantum V-system, leading to a perfect transmission of the probe laser field.

The slope of dispersion will be positive around the zero detuning, with an exact zero
value for the dispersion and optical Kerr nonlinearity at δ = 0, leading to no OB features.
However, away from zero detuning, absorption, dispersion and Kerr nonlinear effects
emerge—namely, there is a significant increase in the probe absorption for larger detunings
(not shown here) for which the cavity field can hardly achieve saturation, leading to a
subsequent enhancement in the OB threshold intensity.

0 5 10 15 20 25 30 35

Input field |y|

0

5

10

15

O
ut

pu
t f

ie
ld

 |x
|

=0
=0.1 0

=0.3 0

=0.5 0

Figure 3. Plots of the input–output field curves for the quantum sample (emitter + metasurface) for
different values of emitter-metasurface distance δ. We take ω̄ = 0.632ωp, ω32 = Γ0, r = 0, C = 100
and d = 0.8c/ωc.

In Figure 4, we show the effect of distance d from the plasmonic metasurface on the
behavior of OB for δ = 0.35Γ0, ω32 = 0.25Γ0, and r = 0. We observe that, by varying the
distance from d = 0.3c/ωc (dot-dashed curve) to d = 0.5c/ωc (solid curve), we have a
transition from OB to OM with a significant reduction in the OM threshold intensity. Real-
ization of OM in quantum systems near plasmonic nanostructures might find application
in all-optical switching or coding elements.

One can see that in this case, there are two S-shaped curves for a certain input intensity
domain in the input–output solution. When the input field power is increased from zero,
the output intensity of the cavity remains on the lower branch. As soon as the output
intensity approaches to the threshold of the onset of first S-shaped curve (lower branch),
it jumps up to the middle branch, and, from there, again jumps up to a higher branch
(tristability). The OB appears again for the larger distance d = 0.7c/ωc (dashed curve). The
OB threshold increases again and becomes larger than the OM threshold intensity.
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Figure 4. Plots of the input–output field curves for the quantum sample (emitter + metasurface)
for different distances d of the emitter from the plasmonic metasurface. We take ω̄ = 0.632ωp,
ω32 = 0.25Γ0, r = 0, C = 100 and δ = 0.35Γ0.

The effect of the incoherent pumping rate r on the OB spectra of the quantum sample
is shown in Figure 5, for d = 0.8c/ωc and for ω32 = Γ0. Interestingly, the threshold of
OB first decreases by increasing the rate of the incoherent pumping field (Figure 5a). For
stronger incoherent pumping rates, the threshold of the OB starts to increase by increasing
the rate of the incoherent pumping field, as can be seen in Figure 5b,c.
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Figure 5. Cont.
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Figure 5. Plots of the input–output field curves for the quantum sample (emitter + metasurface) for
various values of the distance d. In (a), the incoherent pumping rate r varies from 0 to 0.28Γ0; in (b),
from 0, 3Γ0 to 0.37Γ0; and, in (c), from 0, 4Γ0 to 1.5Γ0. We take ω̄ = 0.632ωp, ω32 = Γ0, C = 100 and
δ = 0.2Γ0 and d = 0.8c/ωc.

In Figure 6a, we show the population distributions ρ11, ρ22 and ρ33, and (b) and the
lasing spectrum [Im(χ)] of the probe field versus the incoherent pumping. Here, the
most interesting result relies on the creation of three different regimes for the incoherent
pumping to create OB. The first regime is for the incoherent pumping r < rL

T where the
system is absorptive and no population inversion exists (red zone in Figure 6b).

The observed OB in Figure 5a can be attributed to the presence of absorption in the
medium. The second regime is rL

T < r < rPI
T where gain without population inversion

takes place (green zone in Figure 6b). The OB in Figure 5b can be attributed to such a gain
without inversion. Lastly, there is a regime with r > rPI

T where the gain is with population
inversion (blue zone in Figure 6b), which is responsible for the creation of OB spectra
illustrated in Figure 5c.

In the first regime where the incoherent pumping rate is very weak (r from 0 to
rL

T = 0.28Γ0), the absorption decreases by increasing the rate of incoherent pumping field.
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The reduction in the probe absorption may enhance the Kerr nonlinearity of the quantum
system, allowing for direct saturation of the cavity field. This yields a reduction of the OB
threshold intensity as observed in Figure 5a.

On the other hand, the coherence between upper states will be destroyed by the
stronger incoherent pumping from the lower level to the upper levels (r > rL

T) as the gain
starts emerging in the system. The enhancement of the probe gain increases the difficulty
of the cavity field to reach saturation, resulting in an increase in the OB threshold intensity
(as observed in Figure 5b,c).

We should point out that the presence of a plasmonic metasurface makes it almost
impossible to determine analytically a limit for the gain rL

T as, in this case, the analytical so-
lutions are quite long, complicated and non-informative. We, therefore, used the numerical
results to identify the limits for the lasing threshold rL

T . However, we present analytically
the limit for the incoherent pumping to make population inversion in the system. Calling
on Equations (5)–(7), one can obtain expressions for the population inversion as

ρ22 − ρ11 = ρ33 − ρ11 =

 r

2γ− 8γκ2

4γ2+ω2
32

− 1

ρ11. (20)

Equation (20) shows that the population differences ρ22 − ρ11 and ρ33 − ρ11 depend
on the incoherent pumping rate r as well as the quantum interference determined by κ,
which is varying by the distance from the plasmonic nanostructure. Plugging equations
Equations (10) and (11) into Equation (20), the limit for the incoherent pumping to achieve
the population inversion can be expressed as

rPI
T = (Γ⊥ + Γ‖)

[
1−

Γ2
⊥ + Γ2

‖ − 2Γ⊥Γ‖
Γ2
⊥ + Γ2

‖ + 2Γ⊥Γ‖ + ω2
32

]
. (21)

Clearly, the population inversion is dominant if rPI
T > (Γ⊥+Γ‖)−

(Γ⊥+Γ‖)
(

Γ2
⊥+Γ2

‖−2Γ⊥Γ‖
)

Γ2
⊥+Γ2

‖+2Γ⊥Γ‖+ω2
32

,

otherwise no inversion appears in the population distributions. These effects are illustrated
in Figure 6a.
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Figure 6. (a) The population distributions ρ11, ρ22 and ρ33, (b) and the gain spectrum [Im(χ)] (in

units of Nµ2

ε0 h̄ ) of the quantum V-system as a function of the incoherent pumping r in the presence of a
plasmonic nanostructure. We take here ω32 = 0.25Γ0, and δ = 0.2Γ0 and d = 0.8c/ωc. The horizontal
dotted line indicates the zero absorption limit, while the vertical dashed (solid) line indicates the
limit for the incoherent pumping to achieve the population inversion rPI

T (gain rL
T). Absorption takes

place in r < rL
T (the red zone in (b)). Gain without inversion appears in rL

T < r < rPI
T (the green zone

in (b)), while the lasing with inversion takes place when r > rPI
T (the blue zone in (b)).

4. Conclusions

In conclusion, we demonstrated, theoretically, that it is possible to achieve a control-
lable shift of the OB threshold intensity as well as modification of the hysteresis curve
of OB for a quantum sample placed within an optical ring cavity where, for a quantum
sample, we referred to a V-type quantum emitter coupled with a plasmonic metasurface.
These unique features of the OB are a result of the enormous enhancement of the quantum
interference in the quantum emitter imparted by the presence of the plasmonic metasur-
face, which, in our case, was a square lattice of gold-coated silica nanospheres (a lattice of
plasmonic nanoshells).

The effect of different system parameters on the OB were also studied. We found, in
particular, that the OB could be switched to OM by varying the distance of the quantum
emitter from the plasmonic metasurface. When the quantum system was pumped by
an one-way incoherent pumping field, the bistability could appear with absorption and
gain, with or without population inversion. The results may find technological application
in the realization of more efficient all-optical switches and logic-gate devices for optical
computing and quantum information processing.
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