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Abstract

Moderate and severe arterial stenoses can produce highly disturbed flow regions with transitional and
or turbulent flow characteristics. Neither laminar flow modeling nor standard two-equation models such
as thek-ε turbulence ones are suitable for this kind of blood flow. In order to analyze the transitional or
turbulent flow distal to an arterial stenosis, authors of this study have used the Wilcox low-Returbulence
model. Flow simulations were carried out on stenoses with 50, 75 and 86% reductions in cross-sectional
area over a range of physiologically relevant Reynolds numbers. The results obtained with this low-
Re turbulence model were compared with experimental measurements and with the results obtained
by the standardk-ε model in terms of velocity profile, vortex length, wall shear stress, wall static
pressure, and turbulence intensity. The comparisons show that results predicted by the low-Remodel
are in good agreement with the experimental measurements. This model accurately predicts the critical
Reynolds number at which blood flow becomes transitional or turbulent distal an arterial stenosis. Most
interestingly, over theRerange of laminar flow, the vortex length calculated with the low-Remodel also
closely matches the vortex length predicted by laminar flow modeling. In conclusion, the study strongly
suggests that the proposed model is suitable for blood flow studies in certain areas of the arterial tree
where both laminar and transitional/turbulent flows coexist.
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1. Introduction

The accumulation of cholesterol and the proliferation of connective tissue in an arterial
wall lead to the formation of plaques which grow inward and restrict blood flow. Once the
local constriction or stenosis becomes large enough to produce a flow separation zone, it is
possible that further and possibly more rapid growth of the stenosis can be induced by this
flow pattern.

Moderate and severe stenoses may lead to a highly disturbed flow region downstream of
the stenosis. These disturbed flows may either remain laminar or may undergo transition
to turbulent flow, depending upon the flow rate through the stenosis and the geometry of
the stenosis. The development of turbulent flow has important clinical consequences, as
turbulence represents an abnormal flow condition in the circulation and is related to several
vascular disorders such as post-stenotic dilatation (Boughner and Roach, 1971; Cassanova and
Giddens, 1978). It may also lead to significant losses in pressure and abnormally high shear
stresses, which may result in hemolysis and the activation of platelets.

The occurrence of turbulence in stenotic regions has long been recognized (Roach, 1972).
Since then, numerous experimental studies have been carried out in animals (Giddens et al.,
1976), in stenosis models (Clark, 1976; Saad and Giddens, 1983), and in humans (Strandness
et al., 1987). These studies have shown that, even with relatively mild stenoses, transitional
flow or turbulence can be expected distal to the constriction (Clark, 1980; Saad and Giddens,
1983). Numerical simulation of blood flow offers a noninvasive means of obtaining detailed
flow patterns, such as wall shear stress distributions, which are very difficult to obtain
experimentally. Unfortunately, most numerical modeling of stenotic flow has been limited to
laminar flow models with low Reynolds numbers (Lee and Fung, 1970; Daly, 1976; Deshpande
et al., 1976). In another study Deshpande (1977) did predict turbulent flow in arterial stenoses,
but the Reynolds number that was used was as high as 15,000, which is certainly unrealistic
when considering the human circulatory system.

In the present study, we planned to simulate blood flow in arterial stenoses using the
Wilcox low-Rek-ω turbulence model (Wilcox, 1993). To validate this model we planned to
compare our numerical analysis with previously reported experimental results (Deshpande and
Giddens, 1980; Saad and Giddens, 1983) and with published numerical predictions obtained
from the standardk-ε turbulence flow model and laminar flow modeling methods.

2. Method

2.1. Assumptions

To simplify the analysis, the following assumptions were made: (1) The fluid (blood)
is homogeneous, incompressible, and Newtonian, with a constant kinematic viscosity of
0.035 cm2/sec and a mass density of 1.06 g/cm3; (2) The flow is steady and axisymmetric.
The steady flow assumption is fairly realistic for large arteries which experience a relatively
constant forward flow during diastole, which occupies approximately two-thirds of the cardiac
cycle; (3) In the range ofRe studied, the flow proximal to the stenoses remains relatively
laminar; and (4) The form of the stenoses chosen for this study isr(z)/D = 0.5− A[1+
cosπz/D],−D 6 z6D, with z= 0 at the throat of the stenosis (Fig. 1) andD is the upstream
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artery diameter which is taken 1 in nondimensional form by assumingD as a reference length
in nondimensionalizing.

In this study, three stenosis models were considered. Model 1 has a constriction with a
lumen area reduction of 50%(A= 0.073) giving r = 0.354 at the throat. Model 2 has a more
severe stenosis with an area reduction of 75%(A = 0.125) giving r = 0.25 at the throat,
whereas Model 3 has an even more severe condition of 86%(A= 0.1565) andr = 0.187. The
percentage of stenosis is defined as[1− (r/R)2], wherer andR are the throat and upstream
arterial radii, respectively. A parabolic velocity profile was imposed at the inflow which is
located 15 diameters(D) prior to the stenosis, to ensure full development of the upstream flow,
whereD is the unobstructed arterial diameter. The outflow boundary condition was located 20
diameters(D) downstream of the stenosis throat to allow for the redevelopment of flow.

2.2. Basic equations

In the present study, we focused our numerical modeling on blood flows with moderate
Reynolds numbers ranging from 400 (in the human common carotid artery) to 1,500 (in the
human ascending aorta). In this range of Reynolds numbers, the viscous sub-layer is usually
much thicker than found at higher Reynolds numbers with turbulent flow.

Standardk-ε equations were not considered suitable for the present study, because these
equations are unreliable for predicting separated flows (Wilcox, 1993). We therefore chose the
Wilcox low-Rek-ω turbulence model (k andω are the turbulent kinetic energy and specific
dissipation rate proportional toε/k, respectively) (Wilcox, 1993) for our simulation. An
important advantage of this model is that it can be used to directly predict low-Re effects
on the turbulence field in the near-wall regions (FIDAP Update Manual, 1995) and has been
proven to be more accurate in describing the transition from laminar to turbulent flow (FIDAP
Update Manual, 1995). This model was designed originally with the primary intention of
simulating global low-Reynolds flows whereRe6 10,000, but it can also be used to predict
high Reynolds internal flows. This, however, will typically require a significantly large number
of grid points compared to ak-ε type simulation using the specialized near-wall model. The
k-ω model can also be used in conjunction with a fine near-wall mesh to model both the mean
flow variables and the turbulence variables close to the wall and resolve any geometric feature
which may be present in the viscous sublayer.

The steady-state mean flow equations, transport equations fork andω in the Wilcox model
and the continuity equations were defined as follows:

ρ0uj · ui,j =−p,i + [µ(ui,j + uj,i),j ], (1)
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where the turbulent viscosity

µt = cµρ k
ω
,

and the generation rate of turbulence kinetic energy

G= µt
(
∂ui

∂xj
+ ∂uj
∂xi

)
∂ui

∂xj
.

The values of the Wilcox model constants were:

c1= 0.555, c2= 0.8333, cµ = 0.09, σk = 2, σω = 2.

2.3. Boundary conditions

The boundary conditions were:

uz =U
[
1−

(
r

R

)2]
, ur = 0, at the inlet (assumption 3), (5)

∂uz

∂r
= ur = 0, at the axis of the vessel, (6)

uz = ur = 0, at the wall of the vessel. (7)

At the vessel outlet, normal and tangential stresses were set at zero (FIDAP Tutorial Manual,
1995). The boundary conditions for thek-ω model at the non-slip wall were

k = 0 and ω= 6µ

c212
, (8)

where1 is the height of the first node above the wall. The boundary condition fork was
applied at the wall, whereas that forω was at the first node above the wall. At the inlet of the
vessel, assuming that the flow is laminar, in nondimensional formk andω were set at very
low levels (FIDAP Tutorial Manual, 1995):

k = 0.0001, ω= 0.45 (ε = 0.000045). (9)

At the outlet, it was assumed that the flow was fully developed, and the properties no longer
varied with the distance along the vessel (FIDAP Tutorial Manual, 1995), i.e.,

∂k

∂z
= ∂ω
∂z
= 0. (10)

2.4. Numerical approach

Equations (1)–(3) (with the proper boundary conditions stated above) were solved using
the FIDAP (Fluid Dynamic Analysis Package) finite element software. A staged grid system
was used in the numerical simulation and is shown in Fig. 1. After grid dependence tests, a
290× 30 cell mesh system was chosen to carry out the numerical simulations in the arterial
stenosis models at Reynolds numbers up to 2,000. The Reynolds number,Re, is defined as
Re= ρUmD/µ, in which Um is the flow mean velocity,D is the normal artery diameter
andµ is the constant dynamic viscosity. In the core flow region, nine node isoparametric
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Fig. 1. Geometry of the stenosis model and the grid system for the arterial stenosis flow.

quadrilateral elements were employed. A single layer of specialized near-wall elements was
used to capture the low-Reeffects on the turbulence field in the near-wall region. The thickness
of this special element was chosen to fully contain the viscous sublayers and to resolve
any geometric feature present in the viscous sublayers (FIDAP Update Manual, 1995). For
an optimum result, the first grid point above the wall was given a value ofy+ 6 1, where
y+ = µτy/υ is the sublayer-scaled distance.

Thek-ω turbulence model does have some limitations. Although, the low-Reynolds-number
version of this model can accurately predict the minimum critical Reynolds number for the
Blasius (flat-plate) boundary layer, in general, it must be recalibrated for each new application
as the model does not include sufficient physics to accurately predict any transitions in flow.

3. Results

3.1. Validation of the numerical method

To verify the accuracy of the calculations, the numerical results were compared with the
experimental data published by Saad and Giddens (1983) in terms of axial velocity profiles
(Figs 2A and 2B) and wall shear stresses at the constriction (Fig. 2C). The comparison shows
that the predicted velocity profiles are in good agreement with the experimental measurements.
However, the predicted wall shear stress at the throat is approximately 40% higher than the
reported experimental results. It should be noted that the wall shear stress values at the stenotic
throat given by Saad and Giddens (1983) are estimations from velocity measurements at three
stations at a certain distance away from the wall. Since the value of wall shear stress is very
sensitive to the velocity profile near the wall, the data by Saad and Giddens (1983) is likely an
underestimate of the true wall shear stress at the throat.

3.2. Streamlines and vortex length

Figure 3 presents typical streamlines in the first two stenosis models. In Fig. 4, the vortex
length, is plotted in nondimensional form (La/D) as a function of the Reynolds number.
The flow simulations for stenoses of 50% or greater show that the vortex length increases
almost linearly withReuntil it reaches a critical peak value. This indicates that flow distal
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(C)

Fig. 2. Comparison of the numerical results by the low-Remodel with experimental measurements.
(A) Axial velocity profiles at different axial locations in a 50% stenosis,Re= 1,000. The curves are
numerical results, dots: experimental data; (B) Axial velocity profiles at different axial locations in a
75% stenosis,Re= 500. The curves are numerical results, dots: experimental results; (C) Wall shear
stress at the stenotic throat as a function of Reynolds number. All the experimental measurements
originated from Saad and Giddens (1983).

Fig. 3. Typical streamlines for 50 and 75% stenoses, showing the effect of Reynolds numbers on vortex
length.

to the stenosis is in a state of laminar flow when the Reynolds number is below its critical
value, and it becomes transitional or turbulent when theRewas larger than the critical value.
Numerical modeling with the low-Re model predicts that the critical Reynolds number is
approximately 1,100 for Model 1 and 400 for Model 2, which are values that lie within 10%
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Fig. 4. Plots of vortex length as a function of Reynolds number. Exp.: Experimental measurements
(Saad and Giddens, 1983); Low-Remodel: Low-Re turbulence model prediction; Laminar: Laminar
flow model prediction.

Fig. 5. Variations in vortex length with different Reynolds numbers in a 86% stenosis, predicted by the
Wilcox low-Returbulence model.
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(A)

(B)

Fig. 6. Wall static pressure distributions. (A) Comparison of theoretical prediction byk-ωmodel and the
standardk-ε model (Zijlema et al., 1995) with experimental measurements (Deshpande and Giddens,
1980); (B) Comparison of the low-Returbulence model with the laminar flow model in a 50% stenosis
at Re= 500.

of reported experimental measurements (Yongchareon and Young, 1979; Jones, 1985). The
calculation shows that the critical Reynolds number for the third model with a 86% stenosis is
approximately 230. Figure 5 shows this phenomenon by demonstrating that the vortex length
for this level of stenosis passes through a maximum value betweenReequal to 200 and 300.

The vortex length prediction by laminar flow modeling has also been plotted in Fig. 4 for
comparison. The figure shows that in the laminar flow range, the vortex length prediction by
the present low-Returbulence model is in good agreement with that obtained by laminar flow
modeling. However, the laminar flow model overestimates the vortex length when the flow
becomes transitional or turbulent.

3.3. Pressure distribution

Figure 6A presents the distribution of the calculated wall static pressure for Model 2 at a
Reof 2,000. For comparison, the experimental measurements (Deshpande and Giddens, 1980)
and the theoretical calculation from thek-ε model (Zijlema et al., 1995) atRe= 15,000 are
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Fig. 7. Wall shear stress distributions.

plotted in the same figure. It can be seen that the wall static pressure distribution predicted by
the present model is consistent with the experimental measurements, both in the acceleration
flow zone and the deceleration area of the flow. On the other hand, thek-ε model gives a more
rapid and much higher pressure recovery prediction in the deceleration zone. The results of
wall pressure drop calculated by low-Remodel atRe= 15,000 are also included in Fig. 6A
for comparison.

The predicted wall static pressure distribution in Model 1 forRe= 500 is plotted in Fig. 6B
and is compared to the results obtained by laminar-flow modeling. The two sets of data are
remarkably similar, indicating that the present low-Re turbulence model provides a good
prediction of pressure, even in the case of laminar flow.

3.4. Wall shear stress

Figure 7 shows the distribution of wall shear stress as a function of distance from the throat
of the stenosis for Models 1 and 2 at different values ofRe. The highest and the lowest
absolute values of wall shear stress appear at the throat of the stenosis and at the reattachment
point of the vortex, respectively. In the vortex region, wall shear rates assume negative values,
indicating that wall shear stresses are acting in opposite directions upstream and downstream
of the reattachment point.

The calculation reveals a distinctive difference in wall shear stress distribution between
laminar flow and transitional or turbulent flow. When the flow is laminar, the wall shear
stress recovers from the negative value downstream of the reattachment point, approaching,
but never exceeding, the value found in a fully-developed Poiseuille flow. However, as the
flow becomes transitional or turbulent, immediately downstream of the reattachment point,
the wall shear stress jumps to a value higher than found in a fully-developed Poiseuille flow.
It then decreases and approaches the Poiseuille-flow value farther downstream, indicating that
the flow has resumed its laminar-flow state. This shows that the low-Re k-ω model is also
capable of predicting relaminarization, a previously undocumented feature of the model.
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Fig. 8. Comparison of turbulence intensity distributions along the center line obtained fromk-ω and
k-εmodels. The experimental data originated from Deshpande and Giddens (1980). Thek-ε prediction
originated from Zijlema et al. (1995).

Fig. 9. Axial variations of center line disturbance intensities atRe= 2000 for different stenoses.
Comparison of, thek-ω model predictions (Low-Re model) with experimental results (Exp.) from
Saad and Giddens (1983).

3.5. Turbulence intensity along the center line

Figure 8 shows the profile of the turbulence intensity along the center line for Model 2
at a Reynolds number of 2000. For comparison, the equivalent experimental measurements
(Deshpande and Giddens, 1980) and calculations obtained from thek-ε model (Zijlema et al.,
1995) atRe= 15,000 are presented in the same figure. The comparison shows that thek-
ε turbulence model gives a poor prediction of center line turbulence. On the other hand the
present low-Remodel does predict that the turbulent intensity increases after the throat and
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reaches a peak at the vortex center in the flow separation zone. Although there are significant
differences between the predicted and experimental data, the predicted turbulence intensity
distribution is qualitatively similar to that presented by the experimental measurements,
confirming that the low-Remodel is better suited than thek-ε model for predicted flow in
arterial stenoses. Figure 9 provides a comparison of disturbance intensities at various degrees
of stenosis along the center line forRe= 2000.

4. Discussion

Under physiological conditions, blood flow may remain laminar proximal (upstream) to
moderate and severe stenoses but becomes transitional or turbulent distally (Clark, 1976;
Cassanova and Giddens, 1978; Saad and Giddens, 1983). Experimental studies have shown
that the critical Reynolds number at which flow becomes transitional or turbulent in a stenosis
is a function of its severity, being 1,100 for a 50% stenosis and 400 for a 75% stenosis
(Yongchareon and Young, 1979; Jones, 1985).

In the past, most numerical modeling of stenotic flow has been limited to a laminar flow
approach (Lee and Fung, 1970; Daly, 1976; Deshpande et al., 1976), which provides incorrect
hemodynamic information and is of limited benefit to research on hemodynamic-related
vascular disorders. For instance, laminar flow modeling usually underestimates shear stresses
and pressure loss through an arterial stenosis if transitional/turbulent flow occurs distal to the
stenosis. Clearly laminar flow modeling cannot provide flow information such as turbulent
kinetic energy and turbulence spectrum in the transitional/turbulent flow region. Turbulence
has a profound impact on blood vessel walls. For example, flow turbulence may induce the
arterial wall to vibrate (Boughner and Roach, 1971; Roach, 1972) and may directly lead to
adaptive morphological changes in the arterial wall such as intimal hyperplasia (Cassanov and
Giddens, 1978). Turbulent shear stresses are also more damaging to blood cells than stresses
associated with laminar or molecular shear stress (Hellumus and Brown, 1977).

Realizing that turbulent blood flow may occur in arterial stenoses, Deshpande (1977)
employed a turbulence model to simulate the blood flow in arterial stenoses. Assuming laminar
flow below a Reynolds number of 2,000, he carried out turbulence modeling at high Reynolds
numbers, with most predictions assumingRe to be as high as 15,000, which is certainly
unrealistic for the circulatory system.

Since the time-average Reynolds number is approximately 1,500 for the human ascending
aorta and 400 for the human carotid artery, the realistic approach to flow simulation of arterial
stenoses should be to assume that the proximal flow is laminar and the distal flow is transitional
or turbulent with a low Reynolds number. To address these conditions, we have used Wilcox
low-Rek-ω turbulence model to predict arterial stenotic flow. We have compared the results
obtained with this low-Remodel with previous experimental measurements as well as with
results obtained by the standardk-ε model in terms of velocity profile, vortex length, wall
shear stress, wall static pressure, and turbulence intensity.

The comparisons show that the results predicted by the low-Remodel are in good agreement
with reported experimental data. Using this model, we have accurately predicted the critical
Reynolds number at which blood flow becomes transitional or turbulent distal to a stenosis.
More interestingly, we have found that in the laminar flow region, the vortex length predicted
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by this model also matches the vortex length predicted by the laminar flow method. This
suggests that the low-Remodel is not only suitable for the prediction of low Reynolds number
transitional or turbulence stenotic flow, but also for laminar flow modeling distal to a stenosis.
To further verify this, we have compared the wall static pressure prediction in a 50% stenosis
at Reof 500 with the results obtained by laminar flow modeling. The comparison confirms
that the low-Rek-ω model may indeed also be used for studying laminar flow (Fig. 6B).

In terms of wall static pressure and turbulence intensity, the low-Rek-ω turbulence model
appears to give more accurate predictions than the standardk-ε model. In this study we found
that both the wall pressure and turbulence intensity predicted by the low-Rek-ωmodel are very
similar to the experimental measurements, while on the other hand thek-ε model predicts too
rapid and excessive pressure recovery in the deceleration zone as well as giving poor prediction
of turbulence intensity.

5. Conclusion

The predictions of arterial stenotic flow obtained with the Wilcox low-Rek-ω turbulence
model have been found to be in good agreement with experimental measurements over the
range of physiologically relevant Reynolds numbers. The low-Rek-ω turbulence model can
therefore provide satisfactory information regarding blood flow in arterial stenoses, which is
difficult to obtain accurately by experimental methods or by laminar-flow modeling. Most
importantly, we have demonstrated that the proposed model is suitable for blood flow studies
in certain areas of the arterial tree where both laminar and transitional/turbulent flows coexist.
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